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Boltzmann’s H-theorem and Irreversibility

Abgabe: Mittwoch, 3rd June, bis 16:00 Uhr, Raum E-W 705

Exercise 15 (3 points): Maxwell-Boltzmann distribution

Let

H =

∫

d3pf(p, t) ln f(p, t)

where f(p, t) is arbitrary except for the conditions

∫

d3pf(p, t) = n and

∫

d3p
p2

2m
f(p, t) = ǭ =

3

2
nkBT

Show that H is minimum when f is the Maxwell-Boltzmann distribution.

Exercise 16 (7 points): Ehrenfest dog-flea model

Suppose we have two dogs and 2R fleas, numbered from 1 to 2R. Initially let all 2R fleas be on one
dog. Then draw a number from 1 to 2R and move the flea with that number onto the other dog. Let
this process be continued, and let NA + NB = 2R and NA − NB = 2k, where NA and NB are the
number of fleas on each dog. If we draw and transfer a flea every τ seconds, then t = sτ , with s the
number of draws.

• Show that, in one draw, the probability for system to go from state k to k ± 1 is

Wk±1,k =
R ∓ k

2R
.

• Show that the probability P (k, s) to find the system in state k after s draws can be described
by the Markovian chain

P (k, s) =
R + k + 1

2R
P (k + 1, s − 1) +

R − k + 1

2R
P (k − 1, s − 1). (1)

• Use Eq. (1) to show that the average value of k as a function of s is given by

k(s) ≡
∑

k

kP (k, s) =

(

1 −
1

R

)s

k(0),

where k(0) is the initial value. Hence show that, in the large R limit deviations from k = 0 are
exponentially damped:

k(t) ∼ k(0)e−γt with γ = (Rτ)−1. (2)

• Run a computer simulation of the model. Plot NA(s) and NB(s) for a typical run with initial
conditions NA(0) = 1 and NB(0) = 0. Compare with the values of NA(s) and NB(s) obtained
from Eq. (2) for R = 5, 20, 100.

• Using your simulation, determine the average time taken for the system to return to end up in
state k = R given that its initial state is k = 0. Plot this average time as a function of R.
[Hint: start with small R and work up]. What does this calculation tell us about the ‘reversibility
paradox’ (also known as Zermelo’s or Loschmidt’s paradox)?

Bitte Rückseite beachten!−→
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