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Virial Coefficients

Abgabe: Mittwoch, 24th June, bis 16:00 Uhr, Raum E-W 705

Exercise 23 (5 points): Virial coefficients for a gas of hard spheres

The second and third virial coefficients, B2(T ) and B3(T ) are defined as

B2(T ) = −
1

2V

∫
dr1

∫
dr2f(r21)

B3(T ) = −
1

3V

∫
dr1

∫
dr2

∫
dr3f(r21)f(r31)f(r32) (1)

where rij = ri − rj and f(r) = (e−βV (r) −1). Calculate these coefficients for interacting hard spheres
with V (r) = ∞ for |r| < R and V (r) = 0 for |r| > R. [ Hints: For B2, change integration variables
to q = r21 and Q = 1

2 (r1 + r2). For B3, change integration variables to r1, q = r31 − r21 and
Q = 1

2 (r31 + r21); the integration over Q can be performed geometrically. ]

Exercise 24 (1 points): Second virial coefficient for an ideal Fermi gas

The (quantum-mechanical) grand-canonical partition sum for a Fermi gas with eigenmode energies ǫk

reads

ZG =
∞∏

k=1

(1 + eβ(µ−ǫk)). (2)

For free particles of mass m the eigenenergies are ǫ(k) = ~
2k2/(2m).

• Show that in the continuum limit with box normalisation (volume V ), Eq. (2) gives

ρ =
N

V
= C

∫
∞

0

dǫ
ǫ1/2λe−βǫ

1 + λe−βǫ

PV = CkBTV

∫
∞

0

dǫǫ1/2 ln(1 + λe−βǫ) (3)

with λ = eβµ and C = (2m/~
2)3/2/(2π2) for spin-half particles.

• Assuming that λ is small, show that these quantities can be written in series form

ρ =
1

Λ3

∞∑
n=1

(−1)n+1λn

n3/2
(4)

P

kBT
=

1

Λ3

∞∑
n=1

(−1)n+1λn

n5/2
(5)

and hence determine Λ.

• Partially revert the power series of Eq. (4) to find an expression for λ as a series in the density:
λ = a0 + a1ρ + a2ρ

2 + . . . (up to second order will suffice).

• Use these results to find the second virial coefficient in the expansion

p

kBT
= ρ + B2(T )ρ2 + . . . (6)

for the ideal Fermi gas. What is the sign of B2(T )? What is the physical interpretation?

Bitte Rückseite beachten!−→
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