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Aufgabe 8 (20 Punkte): Stochastic Resonance

Consider a two-state model of stochastic resonance in which position x takes on discrete values
x+ and x− with probabilities p(x = x±) = n± such that n+ + n− = 1, as defined in the paper
[McNamara and Wiesenfeld, PRA 39, 4854 (1989)]. The dynamics can be described by the master
equation
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with W±(t) the transition rate out of state x±. For this rate we employ Kramers’ rate for a
periodically driven barrier: W±(t) = 1
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1. Expand the rates asW±(t) ≈ 1
2(α0∓α1η0 cos Ωt) for small driving amplitude, η0 = U1/D � 1,

and identify parameters α0 and α1.

2. To first order in η0, show that the solution of the rate equation is
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with phase φ = arctan Ω/α0.

3. Show that, in the asymptotic limit t0 → −∞, we have 〈x(t)〉 = x̄(D) cos(Ωt − φ), and
identify x̄(D) in terms of Kramers rate parameters. Assume a symmetric system x± = ±1
and take the probability distribution function to be p(x) = n+δ(x− x+) + n−δ(x− x−).

4. In the limit t0 → −∞, the autocorrelation function reads

〈x(t)x(t+τ)|x0, t0〉 = exp (−α0|τ |)
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Calculate the power spectrum S(ω) = (2π)−1
∫∞
−∞ dτ exp (−iωt)〈x(t)x(t+ τ)|x0, t0〉 of

the initial phase-averaged autocorrelation function

〈x(t)x(t+ τ)|x0, t0〉 = Ω/(2π)

∫ 2π/Ω

0
dt 〈x(t)x(t+ τ)|x0, t0〉.

5. Determine the signal-to-noise ratio, SNR (see lecture notes for definition).

6. Sketch x̄(D) and the SNR as a function of noise strength D and discuss. Find the value of
D which optimizes the SNR. Is this the same value that optimizes x̄(D)?
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