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Aufgabe 17 (9 Punkte): Counting fields

The moment generating function associated with the probability p(An = n; — ng) of projectively
measuring Ng at time ¢ obtaining n; and at time 0 obtaining ng is

(1) M(x) =Y X2 p(An) = Tr{p(x, 1)},
An

where p(x,t) is the generalized density matrix and x is a counting field. The reduced density
matrix p(t) of our system is recovered by setting y to zero. The cumulant generating function of
the particle current is then defined as

d
(2) Cl) = 5, InM(x),
so that the cumulants are obtained by simple differentiation

(3 () = 5o
-

Assume the generalized density matrix obeys an equation of the form O,p(x,t) = L(x,t)p(x,t)
where L(x,t) is a time-dependent superoperator and £(0, t) is trace preserving.

(a) (3 Punkte) Show that the current is given by

| =

I(t) = — ((An)) = Tr{L'(t)p(t)} ,

=

t

where L/(t) = a(?X)E(th”x:O-

(b) (3 Punkte) Show that the noise is given by

d

S(t) = pr

({An?)) =Tr {L"(t)p(t) + 2L (t)o ()},

where L"(t) = 8(?;)2£(X,t)\xzo and we have defined the traceless operator

(4) o(t) =

[p(x, 1)/ Tr {p(x, 1) }] |x=0-

(c) (3 Punkte) Taking the time derivative of equation (4) show that o(¢) can be obtained from
the auxiliary equation

) Lot) = LWp(t) ~ T()p(1) + Lo (),

What is the initial condition for this equation?
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Aufgabe 18 (21 Punkte): Electron pumping

Electron pumping consists in taking advantage of explicit time dependencies in the Hamiltonian
of a system in order to transfer electrons between two different reservoirs kept at equal inverse
temperature 8 and chemical potential p. A simple model for an electron pump can be achieved
by a simple SET with time-dependent energy and tunneling rates.

d ( Po(t) > _ < —Tp@)fL(t) =Tr@®)fr() TL®) (1 - fu(t))+Tr(®) (1 - fr(?)) ) < Po(t) )
dt \ Pi(t) L) fo®) +Tr) fr(E) —Tr(t) (1 - fr(t)) — Tr(t) (1 - fr(?)) Pi(t) )’

with f(t) = f(e(t)) a time-dependent Fermi distribution, Py(0,t) = 1 —n(t), P1(0,t) = n(t) and
n(t) is the occupation of the dot.

(a) (3 Punkte) By introducing a counting field associated with the left reservoir show that the
current is given by

I(t) = Tu(t) [£(E) —n(t)] .
(b) (3 Punkte) Show that the noise is given by
S(t) =Tu(t) [£(t) +n(t) = 2f (O)n(t) + 2f (H)oo(t) — 2(1 — f(#))or(?)]
where o(t) and o1(t) are the entries of operator o(t) defined in (4).
(c) (3 Punkte) Show that they follow the equations
oo(t) = —f(OT+@)oo(t) +[1 = fFOIT+(H)or(t) — L) (1 = n(t)) — [L = fFOITLE)n(?),
o1(t) = fOT(Hoo(t) —[1 = fFOIT4(H)or(t) + L) f(8) [1 = n(t)] — I{H)n(?),
where T' (t) = Tg(t) + T'L(2).

The time dependence of the energy and tunneling rates is given by

€(t) = 20l cos(wt), T'p(t) = gexp {6cos(wt —¢) — 1}, Tgr(t) = gexp {6 cos(wt) —1}.

Note that the functions are periodic with period 1" = 27 /w. Consider now the following parameters
'=1,43=100, u=0and w=>5%1077.

(d) (4 Punkte) Plot the occupation of the dot for ¢ = {0,7/2, —7/2} between the times t = 5T’
and 77T

(e) (4 Punkte) Plot the current for the same parameters.

The total pumped charge per period @ and its fluctuations AQ? can be obtained by integrating
I(t) and S(t) over a period.

(f) (4 Punkte) Calculate Q and AQ? by integrating I(t) and S(t) from t = 5T to 6T.
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